We applied low-temperature diffraction-limited confocal optical microscopy to spatially resolve and spectroscopically study photoluminescence from single self-assembled semiconductor quantum dots. Using selective wavelength imaging we unambiguously demonstrated that a single photoexcited quantum dot emits light in a few very narrow spectral lines. The measured spectrum and its dependence on the power of either cw or pulsed excitation are explained by taking carrier correlations into account. We solve numerically a many-body Hamiltonian for a model quantum dot, and we show that the multiline emission spectrum is due to optical transitions between confined exciton multiplexes. We furthermore show that the electron-electron and holehole exchange interaction is responsible for the typical appearance of pairs in the photoluminescence spectra and for the appearance of redshifted new lines as the excitation power increases. The fact that only a few spectral lines appear in the emission spectrum strongly indicates fast thermalization. This means that a multiexciton relaxes to its ground state much faster than its radiative lifetime.
I. INTRODUCTION
The study of electronic properties of the semiconductor heterostructure of reduced dimensionality has been a subject of many recent extensive efforts. These efforts are motivated both by their potential device applications as well as by their being an excellent stage for experimental studies of basic quantum mechanical principles. Semiconductor quantum dots ͑QD's͒ of nanometer size are of particular interest since carriers are confined there within dimensions smaller than their de Broglie wavelength. This confinement in three directions results in a characteristic discrete energy spectrum and a ␦-like density of states. 1 One of the simplest and therefore most common ways of producing semiconductor QD's is the Stranski and Krastanov self-assembled growth of strained QD's ͑SAQD's͒. [2] [3] [4] In this growth mode, the elastic energy associated with the lattice mismatch strain between different epitaxially deposited semiconductor layers is minimized through the formation of small islands connected by a thin wetting layer. 5 These high crystalline quality islands are typically of pyramidal shape of 10-30 nm base dimensions and 2-8 nm height. 6 By capping these self-assembled islands with an epitaxial layer of wider band-gap material and a lattice constant that is similar to that of the substrate, high-quality QD's are produced. One of the main disadvantages of this growth mode is the size distribution of the SAQD's, which is typically about Ϯ10%. This, together with possible distributions in composition, strain field, and structural shape, gives rise to a large nonuniformity of the SAQD properties in general and inhomogeneous broadening of their optical spectral features in particular. 1, [3] [4] [5] [6] [7] This has been a long-standing impediment on the studies of SAQD's, which has so far limited the ability to correctly interpret and clearly understand the experimental data. An obvious way to overcome this obstacle is to optically study a single quantum dot. [8] [9] [10] [11] By doing so one can completely avoid the inhomogeneous broadening and therefore expect to explore the energy spectrum of confined charge carriers in the QD, and the interactions and correlations among them. [12] [13] [14] A typical signature of such studies is the appearance of sharp and distinct spectral lines in the lowtemperature photoluminescence ͑PL͒ spectrum due to the discrete nature of the energy levels of carriers that radiatively recombine within these ''zero-dimensional'' QD's. 11, 15 Recently, the effects of externally applied electric and magnetic fields on such isolated quantum systems were studied by monitoring their influence on the PL spectrum. [16] [17] [18] The presence of few confined carriers in such a small volume gives rise to correlated few carrier multiplexes, [19] [20] [21] which are unstable otherwise. Therefore, the analysis of the optical studies of these systems is fundamentally different than the analysis of recombination processes in systems of higher dimensionality.
In this paper, we present continuous wave ͑cw͒ and pulsed PL spectroscopy measurements of the recombination processes in single SAQD's. For the analysis of our data we outline a theoretical model that quite systematically explains the measured PL spectra and quantitatively accounts for their dependence on the excitation power in both cw and pulsed mode. In particular, we demonstrate that the electronelectron (e-e) and hole-hole (h-h) exchange interaction energies can be directly obtained from the PL spectra. We unambiguously show, in fact, that these exchange terms are most instrumental for the understanding of the experimental results when more than two carriers of the same type participate in the radiative process.
This paper is organized as follows. In Sec. II we present our theoretical multiexciton model. In Sec. III we present the low-temperature PL spectroscopy of single SAQD's, and in Sec. IV the experimental data are discussed in terms of the model of Sec. II. Our conclusions are briefly summarized in Sec. V.
II. THE MULTIEXCITON MODEL

A. Energy levels
We describe the many-body Hamiltonian of a single QD in terms of its single carrier energies and wave functions, where
H coul e-e ϭ 1 2
where ␦ i j is the Kronecker delta and s i and e are the spin and charge of the respective single carrier state, BϭC,V is the band index, and l i represents the set of quantum numbers that characterizes the single carrier envelope function.
Since the main subject of this work is the optical properties of a single dot containing a few interacting carriers in it, we chose to describe the single-particle states in the simplest possible form. As shown below, a typical PL spectrum from a single quantum dot is composed of a few spectral lines. These lines result from the multicarrier occupation of the emitting dot. We show below that the spectral positions of these lines, as well as their dependence on the excitation power, can be described by two important physical properties of the dots. Namely, the single carrier energy level separation and the exchange integrals between these levels. We show that these two most meaningful parameters can, in fact, be accurately deduced from the measured spectrum. Furthermore, we have found out that the exchange integrals between single carrier states, the many carrier wave functions, and the oscillator strength for optical transitions between them are not strongly dependent on the details of the single carrier wave functions. They strongly depend, however, on the symmetry and spin degeneracy of these single carrier wave functions. These are accurately given by the following very simple single carrier model. In this model both electrons and holes are described by envelope functions that are the analytical solutions of a potential structure described by a rectangular box of dimensions L x ,L y ,L z , and infinite potential barriers,
where n x ,n y ,n z ͑ϭ1,2,3, . . . ͒, are the quantum numbers associated with the respective axes. We note that in this oneband simplified model the small e-h exchange interaction 22 strictly vanishes. We now diagonalize numerically the Hamiltonian ͑1͒ to yield all the multicarrier energy levels and their corresponding wave functions. Since in this work we study an undoped sample in which carriers are excited optically, we deal here only with neutral multicarrier states with an equal number of electrons and holes. We note, however, that the model is general enough to allow analysis of charged QD's as well. In order to keep the description concise, we consider in the following discussion only the lowest four single electron and four single hole energy levels. These levels, denoted hereafter by ͑111͒, ͑211͒, ͑121͒, and ͑221͒, are characterized by the quantum numbers associated with the confinement along the Cartesian axes x, y, and z, respectively. In this geometrically nonsymmetric (L x ϾL y ӷL z ) box, each of these single carrier states is only doubly spin (↑↓) degenerate.
Uncorrelated carriers
As an example, we describe in Fig. 1 a few The situation in which two electrons and two holes occupy the dot can be similarly described. Here, there are altogether 784 biexciton states in 100 energy levels and, unlike the exciton energy levels, the degeneracy is energy level dependent ͓Fig. 1͑b͒, where for simplicity only nine levels are shown͔. There are nondegenerate levels such as the lowest biexcitonic energy level 1e 
Correlated carriers
Let us consider now the effect of the Coulomb interaction on these multicarrier states. Since the Hamiltonian is spin independent it commutes with spin operators. Therefore, their eigenvalues can be used to characterize the eigenstates of the full Hamiltonian ͓Eq. ͑1͔͒. The ''good'' quantum numbers that we introduce 12 are the total electron ͑hole͒ spin S e(h) 2 , the total spin S 2 , and its projection along the z axis, S z . In the case of one electron-hole pair ͑''single exciton''͒, as can be seen in the right-hand side of Fig. 1 , the Coulomb attraction gives rise to a rigid downward shift of all the energy levels. However, there is no degeneracy removal and all the excitonic levels remain four times degenerate. ͑We note here that the electron-hole exchange interaction, which we ignore, should in principle, remove the degeneracy between the three S 2 ϭ1 states and the one S 2 ϭ0 state of each energy level. 23 . We demonstrate below that this spin degeneracy removal reveals itself in a characteristic multispectral line PL spectrum. We further show that such a behavior is characteristic to all even multiexciton ͑i.e., even number of correlated electron-hole pairs͒ cases.
͒
B. Optical transitions between multiexciton states
We proceed and calculate, using the dipole approximation, the matrix elements for optical transitions between initial and final exciton multiplexes ͑multiexcitons͒, which differ by one e-h pair ͑exciton͒. Such optical transitions of e-h annihilation can occur only between states of the same S 2 and S z eigenvalues. As discussed above for the biexciton case, there are several hundred degenerate energy levels for each Nth (Nу2) multiexciton. Therefore, there are typically hundreds of allowed optical transitions of different photon energies between the (Nϩ1)th to the Nth multiexciton cases.
If the radiative rate is much slower than the thermalization rate, fast thermalization to the ground multiexcitonic states will significantly lower the number of these transitions. Our experimental observation 14 and others 10,21 are definitely in accordance with the assumption that the QD is in thermal equilibrium when photons are emitted due to exciton annihilation. Therefore, in the following, we consider only optical transitions from the ground energy level of each (Nϩ1)th multiexciton to all possible levels of the Nth multiexciton.
As an example, we schematically display in Fig. 2 all the allowed optical transitions that result from the radiative annihilation of a triexciton in its ground energy level. The subsequent creation of the biexciton states is also described in the figure. As can be seen, in the noncorrelated energy level scheme ͑Fig. 2, left side͒ only two optical transitions are allowed. The first is due to the recombination of electron and hole in their first one-carrier energy levels, and the second is due to the recombination of electron and hole in their second energy levels. In the correlated carrier picture, however ͑Fig. 2, right side͒ we show that the first optical transition splits into two strong and one weak distinct transitions due to the splitting of the 16 times degenerate e 1 e 2 h 1 h 2 energy level as discussed above. This behavior is not limited to this optical transition only. As can be readily understood, similar splitting occurs also in every optical transition between odd to even higher multiplexes of excitons.
This splitting results directly from the exchange interaction between carriers of the same charge. Its magnitude depends on the Coulomb integral as given by Eq. ͑6͒. In Table  I , we list the nonvanishing exchange integrals that involve carriers within the first two energy levels of our model rectangular QD. In these calculations L x , L y , and L z were set to 30.5, 30.0, and 5.0 nm, respectively, and the InAs dielectric constant ͑15.0͒ was used. 24 As we discuss below, these dimensions were chosen to best fit our experimental observations. We note in Table I that the exchange integral between the pair of levels ͑211͒-͑121͒ and ͑111͒-͑221͒ is roughly half the magnitude of that between ͑111͒-͑211͒ and ͑111͒-͑121͒. We will return to this point in the discussion of our experimental measurements.
The e-e and h-h exchange interactions are responsible for the line splitting described in Fig. 2 . In addition, they give rise to a spectral redshift of optical transitions from successively higher multiplexes of excitons, as demonstrated in Fig. 3 . These redshifts are caused by the number of exchange interactions, which increases with the number of carriers. Therefore, the sum of exchange interaction energies lowers the energy of the Nϩ1 multiexciton levels more than it lowers the energy of the N multiexciton levels, thus causing successive redshifts in the transition energies.
In Fig. 3 we summarize all the calculated optical transitions resulting from the radiative annihilation of up to eight multiexciton ground states. For these calculations an InAs band gap of 0.625 eV and electron and hole effective masses of 0.023 and 0.6 electron rest mass, respectively, were used. 24 Here, only transitions that result from annihilation of electron and hole in their lowest two single carrier levels are considered. A thin ͑thick͒ solid arrow denotes transitions due to radiative recombination of e 1 h 1 (e 2 h 2 ) pairs. A dashed arrow denotes the recombination of e 2 h 1 or e 1 h 2 pairs, which becomes partially allowed due to Coulomb interaction mixing. We present only the relevant levels that participate in the radiative recombination processes of the ground multiexciton levels. Since mainly symmetrical electron and hole configurations participate in these transitions, the energy level notation is common to both charge carriers. For example, by 2eh 1 we denote two electrons and two holes in their respective first one-carrier energy levels. The vertical lines are numbered in increasing energy order. In this way, different transitions of the same energy are drawn along the same vertical lines. We note that the biexciton binding energy, which amounts to 1.3 meV, is significantly less than the Ӎ7 meV exchange splitting. The various exchange terms, which give rise to the splitting and to the spectral red shifts are also marked in Fig. 3 . It is readily seen that optical transitions from a ground level of an odd multiexciton split in a similar way to the splitting discussed in Fig. 2 . Starting from the annihilation of the ground state of the fifth multiexciton, both optical transitions split similarly. In addition, the emission spectrum of higher multiexcitons is shifted downward in energy, relative to that of the lower-order ones. The magnitude of this energy shift equals the splitting energy and it can be easily traced back to be the sum of the exchange integrals of all the participating single carrier levels as given in Table I . As a result of these spectral shifts, only two new redshifted spectral lines appear every time that a higher-order ground level of an even multiexciton recombines.
In Fig. 4 we present the calculated optical transitions due to the recombination of electrons and holes from the two lowest-lying single carrier energy levels of our infinite potential barrier QD, as a function of the number of excitons within it. Figures 3 and 4 demonstrate the following points. ͑a͒ Only two optical transitions are allowed for radiative recombination of an even multiexciton ground state while up to six transitions are allowed for a recombination of an odd multiexciton. ͑b͒ The same optical transition can be due to the recombination of up to five different exciton multiplexes. ͑c͒ The magnitude of the energy splitting and the spectral redshift for successively higher-order multiexcitons rapidly decrease with the number of excitons, causing the reduction of the transition energy to converge to a finite value. This value can be easily associated with the renormalized band gap of a highly excited bulk semiconductor. 13 We note here that Fig. 4 describes the case of infinite potential barriers with an infinite number of discrete confined single carrier energy levels. In reality, however, we expect only a very few confined single electron levels before the onset of a spectral continuum. 
C. Lifetime of multiexcitons
We assumed so far that the photogenerated multiexcitons thermalize to their ground level much faster than their decay rates. If in addition, we assume that any nonradiative recombination rate is much slower than the radiative ones, then the multiexciton lifetimes can be directly determined from the calculated optical transitions. The calculated lifetimes for the first few exciton multiplexes in our model quantum dots are presented in Table II. At any given time, only one well-defined excitonic multiplex may exist in the QD. We define by n i (0Ͻn i Ͻ1) the probability of finding the ith excitonic multiplex in the QD. Thus, for example, n 0 is the probability of finding the QD empty, and n 2 is the probability of finding a biexciton in the QD. We describe the temporal evolution of an exciton multiplex by the following rate equation:
Here i is the radiative lifetime of the ith multiexciton and g i is its photogeneration rate ͓in Eq. ͑8͒, 0 ϭϱ and g 0 ϭ0͔. We note that in addition to the ''conventional'' first three terms in Eq. ͑8͒, there is also a fourth term that describes the decrease in the ith multiexciton occupation probability due to the photogeneration of the (iϩ1)th multiexciton that causes the ith multiexciton to ''vanish.'' The photogeneration rate of the ith multiexciton g i can be expressed as
where G(t) is the total ͑time dependent͒ QD exciton photogeneration rate and G(t) is proportional to the power of the external excitation source at a given time. Equation ͑9͒ simply expresses the idea that the photogeneration rate of the ith multiexciton depends linearly on the probability that the dot is occupied by the (iϪ1)th multiexciton. This means, of course, that the QD cannot be emptied by the excitation source ͑we neglect stimulated emission throughout this analysis͒. Equation ͑8͒ can be analytically solved for both cw and pulse excitations.
III. EXPERIMENTAL RESULTS
A. The sample
The SAQD sample studied here was fabricated by deposition of a coherently strained epitaxial layer of InAs on an Al x Ga 1Ϫx As layer deposited on GaAs substrate. The layer sequence, compositions, and widths are given elsewhere. 14 The SAQD's were embedded within an Al 0.3 Ga 0.7 As/ Al 0.1 Ga 0.9 As quantum well structure in order to shift the PL emission energy above the silicon band gap. We used sensitive liquid-nitrogen-cooled charge coupled device ͑CCD͒ array detector to perform the required very low light level spectroscopy. Note, furthermore, that the Al 0.3 Ga 0.7 As barriers prevent vertical diffusion of photogenerated carriers into the SAQD's. Therefore, the only photons that generate carriers are those absorbed within the quantum wells. The generated carriers then diffuse laterally into the SAQD's. This allowed a quite accurate estimate of the SAQD photogenerated carrier occupation. Note also that during the growth of the strained layer, the sample was not rotated. Thus a gradient in the QD's density was formed across its surface. In particular, low-density areas, in which the average distance between neighboring QD's is larger than our spatial resolution, could easily be found on the sample surface.
B. Experimental setup
We use diffraction-limited low-temperature confocal optical microscope for the PL studies of the single SAQD's. The setup is schematically described in Fig. 5 . We used a ϫ100 in situ microscope objective in order to focus the tunable Ti:sapphire laser light at normal incidence on the sample. Both cw and picosecond pulsed excitations were used. The emitted light was collected by the same microscope objective that was accurately manipulated in three directions using computer-controlled motors. A CCD camera based active feedback loop is used for stabilizing the objective-sample working distance. The collected light was spatially filtered, dispersed by a 0.22 m monochromator and detected by a nitrogen-cooled CCD array detector. The system provides diffraction-limited spatial resolution both in the excitation and the detection channels. We tested the combined spatial resolution of our system by creating selective PL images of a cleaved edge of a single quantum well ͑SQW͒ sample. 25 The spatial full width at half maximum of the SQW PL emission intensity was found to be 0.5-0.6 m, in agreement with the expected diffractionlimited optical resolution at this wavelength (Ӎ750 nm). The collection efficiency of our system was carefully obtained from the measured spectrum of the reflected laser beam. We found that approximately 3ϫ10 5 photons give rise to one CCD camera count.
C. Photoluminescence line scans and selective wavelength images
The dots position and characteristic emission wavelength are found by taking PL line scans over the SAQD sample Fig. 6 that at various positions along the scanned surface, spectrally sharp PL lines are observed. These lines are due to recombination of excitons within single SAQD's, as indicated by their resolutionlimited spatial and spectral widths. 11, 15 In the low-power scan, Fig. 6͑a͒ , the PL spectrum from each SAQD is mainly composed of a single spectral line. In contrast, however, in the high excitation scan, all the PL spectra contain a few PL lines, which appear in pairs. In order to convince ourselves that, indeed, a single SAQD emits more than one spectral line, we generated selective wavelength images such as those shown in Fig. 7 . In Fig. 7 we show four 20ϫ20 selective wavelength images of the sample surface. In order to obtain these images we recorded the full PL spectrum at 400 array points, by exposing the CCD for 10 s at each point. In Fig.  7͑a͒ we present the PL spectrum obtained from one such point, the position of which is marked by the crossing lines on the images of Fig. 7 . Four distinct sharp spectral lines are observed in Fig. 7͑a͒ . The spectral wavelength of each of these lines was used to generate each one of the images of Fig. 7 , respectively, by displaying the intensity of the PL at the selected line wavelength, as a function of the objective position. Inspection of the images clearly demonstrates that each one of the four spectral lines originates from the same spatial position, and thus conclusively proves that they are emitted from one SAQD. The scanned 6 mϫ6 m area of Fig. 7 contains a few SAQD's, which we revealed in a similar way ͑not shown͒.
Using this procedure, we found that, indeed, the average distance between neighboring SAQD's is larger than our spatial resolution. The PL spectra of each of these SAQD's show several characteristic features. In particular, the sharp spectral lines form one or more groups, and each such group typically contains a pair of particularly strong lines. In general, the number of groups and their PL intensity strongly depends on the power of excitation.
We note here that since the average distance between dots is larger than our spatial resolution and is comparable with the diffusion length, the estimation of the density of the photogenerated carriers within the SAQD can be made quite reliably. One does not have to know the area of the exciting beam for this estimation. In addition, the resonant tunneling structure of our sample 14 prohibits vertical diffusion of carriers, which were generated outside the Al 0.1 Ga 0.9 As layer into the SAQD's. From the measured power of the exciting beam and the known index of refraction and absorption of the layers we estimated the carrier generation rate within the SAQD. Thus, using the measured lifetime of photoexcited carriers in similar such SAQD's ͓0.7 ns ͑Refs. 26 and 27͔͒ we estimated that with 1 W cw excitation power, three excitons occupy the SAQD on average. Under pulse excitation with the same average power, we obtain over 50 excitons per each laser pulse.
We show below that when nonradiative recombination processes are taken into account, the above estimates are considerably reduced, due to the shortening of the single exciton lifetime. 
D. Power dependence of the PL spectrum of a single SAQD
In Figs. 8 and 9 we present PL spectra from a single SAQD for various excitation powers, using cw and picosecond pulse excitation, respectively. A short horizontal line represents the zero for each spectrum, after subtracting a constant background due to the emission from the GaAs. The PL spectra of both cw and pulsed excitation, which were obtained from two different SAQD's, are composed of two groups of emission lines, with a few characteristic spectral lines in each group. We assigned a serial number to the main lines according to their spectral position. Thus, the lowerenergy group is composed of line numbers 1 and 2 and the higher-energy group is composed of line numbers 4 and 5, respectively. Line number 3 is approximately positioned in between the two groups. The energy difference between the groups amounts to 52 meV, while the difference between the pair of lines in each group is approximately 7 meV. These energies are typical for the SAQD PL spectra. Under 1 W cw excitation ͑Fig. 8͒ only the lowest-energy PL line number 1 is observed. As the power increases, more spectral lines are observed. At 100 W cw excitation, five main spectral lines are observed. When the excitation power is further increased, two broad spectral bands appear to the lower-energy side of each group of discrete lines. C1 and C2 denote these bands, which dominate the PL spectrum for yet higher excitation power. The rate at which the intensity of each emission line grows with the excitation power is different. While the PL intensity of line numbers 2 and 3 saturates for excitation powers of 100 W and 7 W, respectively, line number 1 and line number 4 continue to increase in approximately a square root dependence on the excitation power. They saturate only for excitation powers of over 500 W.
There are two main differences between the cw and pulsed excitation as can be seen by comparing Fig. 8 with Fig. 9 . First, the total PL intensity under pulse excitation is roughly an order of magnitude lower than that under cw excitation. Second, under pulsed excitation, already at very low excitation power, most of the spectral lines appear.
Finally, it is very important to note that at high excitation power a typical spectral line appears in between line numbers 4 and 5. The significance of this line and its importance in determining the QD symmetry is briefly discussed below.
IV. DISCUSSION
Our experimental findings are analyzed in terms of the theoretical model presented in Sec. II. Although the actual shape of each of the SAQD's that we studied is not known, earlier studies have shown that the base dimensions ͑Ӎ20-40 nm͒ are much larger than its height ͑2-6 nm͒. 6 The exact values of the SAQD single carrier energy levels are FIG. 6 . The PL emission intensity ͑as indicated by the gray scale͒ as a function of the photon energy and the microscope position along a line above the sample surface. The sample was excited by a cw laser beam at normal incidence at 7 W ͑a͒ and 30 W ͑b͒.
FIG. 7.
͑a͒ PL spectrum of a single SAQD. ͑b͒ 6 mϫ6 m selective wavelength images of the sample surface. In each of the images ͑1 through 4͒ the intensity of the emitted PL ͑as indicated by the gray scale͒ at the energy that corresponds to the spectral line as shown in ͑a͒ is displayed as a function of the microscope objective position. The cross on all the images marks the spatial position of the QD.
undoubtedly determined by their geometrical shapes, compositions, strain fields, and dimensions. [28] [29] [30] However, these details become of secondary importance for the understanding of the confined multicarrier optical transitions. We have thus chosen a short height, right-angle parallelepiped quantum box of infinite potential in order to calculate the single particle wave functions and energy levels. The advantage of this simplistic description of the QD is that its single carrier energy levels and wave functions can be expressed analytically ͓Eq. ͑7͔͒. We varied the dimensions of our model dot in order to obtain maximum agreement with the measured data. By varying its base dimensions, we mainly affect the energy difference between the single carrier confined levels within the box. We found out that a base dimension of 30 nm gives rise to Ӎ50 meV energy separation between the e 1 h 1 single exciton level and the e 2 h 2 level. This separation is related to the energy separation between the two main groups of emission lines, which appear in the PL spectra of the SAQD ͑see Fig. 8͒ . By varying now the third dimension of the box, we mainly affect the Coulomb integrals as given by Eq. ͑6͒. The values that we present in Table I were obtained with a box height of 5 nm, which best fitted the characteristic 7-meV splitting between the lines in each group. Finally, we have adjusted the ͑small͒ amount by which the base geometrical degeneracy is removed 30 by choosing a rectangle base with nearly equal sides. A rectangle side difference of approximately 1 nm, which resulted in 3 meV energy separation between the e 2 h 2 and e 3 h 3 single carrier states, best accounted for the excitation power dependence of the PL intensity of line numbers 4 and 5, and the line in between them ͑see Fig. 8͒ . Note that the dimensions that we obtain are very well compared with the reported values. 6 We stress again that the specific geometry used here is different from that reported in the literature. But since we fit the confined energy level separation, the exchange integral values and the ''geometrical degeneracy'' to our data, the actual shape of the QD has only a secondary importance.
We proceed by using our rate equation ͓Eq. ͑8͔͒ to calculate the emitted PL spectrum as a function of the optical excitation power. We found that at moderate and high excitation powers, our model quite nicely reproduces the measured spectra and their power dependence. At low powers, however, there is a difference between the calculated order by which the spectral lines appear as the excitation power increases and the observed order. While the first observable peak in the experiment is the lowest-energy peak ͑peak number 1͒, the model obviously predicts that the first observable peak should have been the single exciton peak, which resides at higher energy ͑peak number 2͒. According to the model, only when the number of excitons in the QD exceeds two, the lowest-energy peak ͑peak number 1͒ should have appeared. We explain this apparent discrepancy in terms of nonradiative recombination channels that are very efficient at low excitation densities and quickly saturate at higher excitation densities. The nonradiative recombination reveals it-FIG. 8. Single SAQD PL spectra at various cw excitation powers. The spectra are vertically shifted for clarity. The horizontal line to the left of each spectrum marks the corresponding zero emission. The inset contains similar spectra from SAQD sample without aluminum. Note that in this case due to the much less efficient nonradiative decay channels, the single exciton line ͑number 2͒ is the first to be observed already at very low excitation powers. The biexciton line (XX) is also observed in these spectra ͑Ref. 31͒. self in two ways in our experimental measurements. The first is due to the overall count rates that we obtain, which for low power excitation are about two orders of magnitude lower than the expected rates based on PL lifetime measurements 31 and count rates at higher excitation density. The second is the actual absence of the exciton and biexciton spectral lines in very low density excitations.
Such nonradiative recombination channels are known to be the result of aluminum contained in the layers in which the SAQD's are embedded. 32 These nonradiative rates affect the recombination of carriers within the SAQD's.
In order to test this hypothesis, we have measured SAQD samples without aluminum. Few such spectra are depicted for comparison in the inset to Fig. 8 . As predicted by our model, in the absence of the nonradiative decay channels associated with the aluminum, the single exciton ͑line number 2͒ and biexciton (XX) lines are clearly observed in these spectra, already at very low excitation power. Under high excitation power the spectra are quite similar to those presented in Fig. 8 . More details on these results will be published elsewhere. 31 The results are similar to those of Bayer et al. 19 who similarly observed the single exciton peaks in the PL emission from SAQD's embedded in aluminum-free layers. The observation of the exciton emission was also reported by other groups. 8, 19 The measurements by Brunner et al. 8 were performed on natural QD's formed by size fluctuation of an Al x Ga 1Ϫx As/GaAs quantum well. Both exciton and biexciton lines were reported in the emission spectra of these QD's.
Thus, a fast nonradiative decay channel is assumed for the lowest two exciton multiplexes. We then write 1/ 1(2) ϭ1/ 1R(2R) ϩ1/ NR , where 1R(2R) is the radiative lifetime of the exciton ͑biexciton͒ ground level and NR is their nonradiative lifetime. Since at higher excitation densities our model quite accurately agrees with the measured data, we conclude that the nonradiative lifetime of higher exciton multiplexes is negligible in comparison with their radiative lifetimes. For higher-order multiplexes, saturation and possible screening may make this nonradiative channel ineffective. For example, saturation of nonradiative decay channels such as Shockley-Read-Hall are very well known in bulk semiconductors. 33 Excitation transfer to neighboring dots is yet another nonradiative channel for a single quantum dot ͑but not necessarily for dot assemblies͒, which will be saturated just as well at high excitation density. By adjusting the ratio of NR / 1R Ϸ0.01 we successfully obtain the lowpower excitation spectra and their power dependence. The results of our calculations are compared in Fig. 10 with the measured PL spectra. We emphasize that the assumption of full thermalization is essential. It is easily verified that without this assumption the emission spectrum is composed of an enormous number of allowed optical transitions, in contrast with the experimental results.
The main difference between the calculated and measured PL spectra is that the latter loses its discrete nature at high excitation power. This is due to the finite number (Ӎ2 -5) of confined electron levels within the ''real'' SAQD's. Thus, while in our model the exchange energies continue to vary in a discrete manner with the multiexciton order ͑Figs. 3 and 4͒, in the real SAQD's it becomes continuous.
Our model qualitatively explains the differences between the cw and pulsed excitation. In the pulse case the average number of excitons within the SAQD, during the lifetime of the photogenerated carriers, is considerably larger. For that reason, already at very low average power, all the characteristic exciton multiplex lines are observed.
In Fig. 11 we compare the calculated and measured PL intensity of the five spectral lines ͑1-5͒ as a function of the photogeneration power. Figures 11͑a͒ and 11͑b͒ represent the cw excitation case, while Figs. 11͑c͒ and 11͑d͒ represent the pulsed excitation case. There is an overall agreement between the measurements and calculations. We note that our model reproduces the evolution of the PL emission with excitation power for both the cw and pulsed cases. Moreover, the absolute emission rates measured at the PL maxima are comparable with our model calculations and the efficiency of our experimental setup. The excitation efficiency at the onset of the emission detection is also comparable with our estimate and the above mentioned nonradiative rates. Inspection of the abscissas of the measured and calculated curves, however, suggests that the number of excitons in the QD is proportional to the square root of the excitation power. Such sublinear dependence may arise from the inefficient diffusion of photogenerated carriers into the SAQD at high excitation densities. It is obvious that at these densities, lateral diffusion of carriers as well as stimulated emission must be correctly taken into account. These processes, however, are beyond the scope of this work.
Comparing the cw and pulsed excitation, and taking into account the repetition rate, we estimate the single exciton radiative lifetime ( 1R ) as 3-5 ns. This lifetime completely determines now the effective decay times of the various PL lines. Using our rate equations, we obtain for the various PL lines decay times of 200-700 ps, in agreement with published data obtained by measuring the PL decay time of the SAQD's inhomogeneously broadened spectral line 26, 27 and our more recent time resolved measurements from single QD's. 
V. SUMMARY
We applied low-temperature diffraction-limited confocal optical microscopy to spatially resolve and spectroscopically study photoluminescence emission from single selfassembled semiconductor quantum dots. Using selective wavelength imaging we unambiguously demonstrated that a single photoexcited QD emits light in a few very narrow spectral lines.
In order to explain the measured spectrum and its dependence on the power of either cw or pulsed excitation, we outlined a theoretical many-body model. The model uses analytical single carrier wave functions of a parallelepiped. The Coulomb interaction integrals are then calculated and used for exact diagonalization of the many-body Hamiltonian, to obtain the many-body eigenenergies and wave functions. The dipole approximation is then used for calculating the oscillator strength for optical transitions between these eigenenergies and their radiative lifetimes.
By adjusting the dimensions of the model parallelepiped we fit the experimentally measured spectra. In addition, we analytically solve the multiexciton radiative rate equations and carefully compare our calculations with the measured data. From this comparison we conclude the following.
͑a͒ The multiline PL spectrum of an optically excited QD is due to optical transitions between confined exciton multiplexes.
͑b͒ A multiexciton relaxes to its ground state much faster than its radiative lifetime. Therefore, at cryogenic temperatures a multiexciton radiatively recombines only from its ground state.
͑c͒ The exchange interaction between single carrier states of the same type reflects itself in the appearance of pairs of lines in the PL spectrum.
͑d͒ With increasing cw excitation power, the emission intensity of the spectral lines reaches maximum and then starts to decrease, while new spectrally redshifted lines appear. The new lines similarly depend on the excitation power.
͑e͒ The spectral redshifts of the new lines are due to the exchange energy between single carrier levels of increasing energy. Once the discrete levels of the QD are fully occupied, spectrally broad bands are formed due to transitions involving continuum electronic states.
͑f͒ The order by which the spectral lines appear and reach their maximum as the excitation power gradually increases yields information about the symmetry of the QD. We show that the self-assembled quantum dots that we investigated have only spin degeneracy but no geometrical degeneracy.
͑g͒ Efficient nonradiative decay channels determine the recombination times of single excitons in SAQD's embedded in Al containing layers. Therefore, the actual measured PL decay times at low excitation density are much shorter than the single exciton radiative lifetime that we found here to be a few nanoseconds long.
